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Abstract. In this paper we obtain an inequality on the unit disc B in the plane, which improves 
the classical Moser-Trudinger inequality and the classical Hardy inequality at the same time. 
, Namely, there exists a constant Co > such that 
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[ e^dx < Co < 00, V u G Co°°(B), 
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^ This inequality is a two dimensional analog of the Hardy-Sobolev-Maz'ya inequality in higher 

dimensions, which was recently intensively studied. We also prove that the supremum is achieved 
in a suitable function space, which is an analog of the celebrated result of Carleson-Chang for 
Mh ' the Moser-Trudinger inequality. 

1. Introduction 

Let B denote the standard unit disc in M^. The famous Moser-Trudinger inequahty [261 130j 



(1) / e^^dx < C < 00, V n € hI{B) 



B 



ly-^ \ plays an important role in two dimensional analytic problems. This inequality is viewed as an 

10 ' analog of the Sobolev inequality for the higher dimensional cases. It is optimal in the sense that 

fSj . the constant 47r could not be replaced by any larger constant. Its slighter weaker form 



\Vu\'^dx -Stt log (^j e"dx^ > -C > -00, Vu€i/o(5) 



has been intensively used in the problem of prescribed Gaussian curvature and recently in the 
^ , mean field equation. Here again, the constant Svr is optimal to have a finite infimum. 

■ There is another important inequality in analysis, the Hardy inequality 

H(u) := / iVnPdx - / ^^r^^dx > 0, V n G H}.(B). 

Jb Jb (1 - Fr)"' 

Here and after, | • | denotes always the Euclidean norm. This result is also optimal in the sense 
that for any A > 1, 

f V? 

Vul'^dx — X ; — tttzttcIx 



inf / IVul^dx — A I ; — TTTZTTdx =—00. 

Indeed, this inequality holds also for higher dimensions. The Hardy inequality can be improved 
in the following way. Let denotes the unit ball in with n > 2, it is known that there 
exists C > (see [8] or Remark [T] below for n = 2) such that 



(2) 



H{u) >C [ u^dx, V n e HI{B'^). 
Jb'^ 
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Hence := \/H{u) defines a norm over H^{B"') and the completion of C^{B"') with respect 

to the norm || • |j^ is a Hilbert space, which is denoted by 'H{B'^). Obviously Hq{B) C 'H[B). 
For simplicity, we denote Ti^B) by V. and || • ||^ by || • ||. 

In this paper, one of our main objectives is to improve the Moser-Trudinger inequality by 
combining the Hardy inequality. 

Theorem 1. There exists a constant Cq > such that 

(3) / e"^dx < Co < oo, Mu^H. 

Jb 

A direct consequence is the following, slightly weaker, but applicable form. 
Corollary 1. There exists a constant C > such that 

(4) -/ \Vu\^dx-- I ^^—^dx-S^\og( I e^dx^ > -C > -oo, VnG-H\{0}. 

2 7b 2 Jb [I - Ixl-^y \Jb J 

In the first glimpse these improved inequalities look too strong to be true. But if one com- 
pares to the recent work on the Hardy-Sololev inequality in higher dimensional case, one would 
speculate that this can be true. The Hardy-Sobolev inequality for higher dimension is also called 
the Hardy-Sobolev-Maz'ya inequality. Maz'ya proved in [25] (section 2.1.6, Corollary 3) that 
there exists a constant C > such that for any u G Hq{B^) with n > 2, 

(5) [ |Vn(x)Pdx- [ ^ lONo '^^ >c([ \u(x)\^dx 

Jb^ Jb" (1 - \x\ ) \Jb" 

Let us denote Cn the best constant such that ([5]) holds. In some recent works, the constant Cn 
has been estimated (see [28j for n > 3 and [7J for n = 3). Let 5„ be the best constant for the 

2n 

Sobolev embedding from H^{R'^) into L^^^(M'^). 

• If n > 3, then Cn < Sn and the sharp constant C„ is achieved in 7^(5"). See [28]. 

• If n = 3, then C3 = 5*3 is not achieved in T-l{B"-). See [7]. 

Theorem [1] shows that the analog of the Hardy-Sobolev-Maz'ya inequality ([5]) holds on a two 
dimensional disc with the same best constant 4tt as in the classical Moser-Trudinger inequality 
([1]). We call ([3]) or ((H) a Hardy-Moser-Trudinger inequality. Moreover, we obtain also a Carleson- 
Chang type result, i.e., the best constant is achieved. 

Theorem 2. There exists uq ^ H such that \\uq\\ = 1 and 

f e^'^'^odx = max ( e^'^^^dx = max / e^^dx. 

Jb ueH,\\u\\<i J b uen\{o}JB 

Note that the supremum is not achieved in Hq{B), see Remark H] below. 

We wonder if this kind of Hardy-Moser-Trudinger inequality holds for more general domains 
C M?. For example, let Q C M? be a regular, bounded and convex domain, then (see [8]) 

Hd{u) := [ \Vufdx - - I ""' d^ > 0, V n G H^m\{0}. 
Jn 4JBd{x,dny 

We propose the following 

Conjecture: There is a constant C($7) > such that 

/ e^^dx < C{n) < 00, Vug Tidift) \ {0}. 
Jn 

Here %d{^) denotes the completion of C^{^) with the corresponding norm, defined by ||^|||/^ = 
Hd{u). The conjecture is true when Q = B. This follows immediately from Theorem [H since 
H{u) < Hd{u) for any u G C^{B). 
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There is another improved Moser-Trudinger inequahty on the disc in M^, which was recently 
proved and studied in [Ml [Jj . 

(6) sup / — . ,2\2 '^X < OO. 

u£Hl^{B),\\\7u\\2<l J B ~ Fl j 

For other generahzations of the classical Moser-Trudinger inequality ([T]), see for instance 
[21 HSl [201 EI] • See also [HI [29] for a Moser-Trudinger inequality in Kahler geometry. It would 
be interesting to know if there are such generalizations for our inequality ([3|). A generalization 
to a higher dimensional ball like in [22] and to higher order derivatives like in [Il|6l \T7\ [23] would 
be also very interesting. For the related higher order equations see also |18| . 

The proof of the Hardy-Moser-Trudinger inequality ([3]) is different from Moser's proof for 
([1]). Here we use the blow-up analysis, which is an important tool in geometric analysis. A 
similar approach was also used in [lOl [131 [21 [191 [21] to establish 2-dimensional inequalities. The 
blow-up analysis for the elliptic equation related to the classical Moser-Trudinger inequality ([1]) 
was initiated in [27[ [3]. It would be an interesting question if there is a Moser-like proof for the 
Hardy-Moser-Trudinger inequality ([3]). 

The paper is organized as follows: In Section 2, we reduce our problem to radially nonin- 
creasing functions and study the property of such functions with bounded H{u). We also study 
Green's function to the operator —A — ■^j3^;j2p-. In Section 3, we prove a subcritical Hardy- 
Moser-Trudinger inequality with constant (47r — e) for any constant e € (0, 47r). The subcritical 
Hardy-Moser-Trudinger inequality (|14|) is achieved by a function H. In Section 4, we an- 
alyze the convergence of the sequence {us} as e tends to 0, and its blow-up behavior. Finally, 
Theorems [D and [21 are proved respectively in Section 5 and 6, by contradiction arguments. 

In the following, || • |[p denotes the standard norm for p G [1, oo] and C denotes a generic 
positive constant, which could be changed from one line to another. 



2. Preliminaries 

First of all, we use the nonincreasing symmetrization with respect to the standard hyperbolic 
metric dv-^ = ^-^_'^^^-2y2 over B, which will enable us to reduce the problem on radially symmetric 
functions. 

For any u € Hq{B), let denote the associated radially nonincreasing rearrangement with 
respect to dvy,, it is well known that G Hq{B) and ||Vu*||2 < ||Vn||2 (see [5])- On the other 
hand, 

/ Ti ^* [2\2 ^^ = / '^IdVH = i U^dv-H = [ JZ ^ 12X2 ^^- 

isil-Fr)^ Jb Jb JB{^-\xn 

So H{u) < 1 implies that H{u^,) < 1. Furthermore, 

[ e''^^'dx= [ e^^'''{l-\x\^fdvn> [ e''^^\l-\x\^fdvn= [ e^^^'dx. 
Jb Jb Jb Jb 

This estimate comes from the Hardy-Littlewood inequality (see for example [3) by noticing that 
the rearrangement of (1 — is just itself. Therefore we only need to consider nonincreasing, 

radially symmetric functions. Let 

S := |n G C^{B),u{x) = u{r) with r = \x\, u' < o| 

and Til be the closure of S in H. To prove Theorem [H it remains to show that 

(7) sup / e^^"'dx < Co < oo. 

ueHi,\\u\\<i Jb 
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Let u G S, r = ip{t) = tanh (|) and 

u{t) := u{r) = uo ip{t). 

Denote the disk of radius r centered at and = B\Br its compliment in B. Define also 



Jo. Jn U - 



12^2 



dx, ync B. 



It is easy to see that 

roo 

Hbc{u) = 2'k 



t=ip-^{r) 



■r'2 



U 



sinh(s)ds, V r G (0, 1). 



Set now v{s) = e2u{s). Note that v{s) = for large s. Integration by parts gives then 
Hbc{u) 

(8) 

ih{t)+ / e-^'v'^ds+ / e" sinh(s)ds. 
Jt Jt 



/CO 
e"^ (v'"^ — vv') sinh(s)ds 



We obtain, by taking t tending to 0, i.e. r — )■ 0, 
27r 

Consequently, we have 



/ e-^'v^ds+ / e'"^;'^ sinh(s)ds, V u G E. 
Jo Jo 



Lemma 1. T-Li is embedded continuously in Hl^^^B) fl C"^^^ {B \ {0}). Moreover, for any p> 1, 
T-Li C LP^B) and these embeddings are compact. 



Proof. Indeed, fix any r G (0, 1), there holds that for all u G S, 



u'^dx + / \Vu\^dx = 27r 



L 



4cosh^(§) 



12 



smh{s)ds 



(9) 



<C {v? + sinh(s)ds 

Jo 

<C r ^ ^ {v'^e"' + v'^e-') smli{s)ds 
Jo 

< Cr r ^''^ [v'^e-'^' + v''^e-' sinh(s)]ds 
Jo 



< CrH{u). 

Here the constants Cr depend only on r G (0, 1). From above we have Hi C H^^^{B). By the 
Sobolev embedding, we get 

C np>iLf„,(i?) and Hi^clj{B\{Q}). 

Furthermore, for any r G (0, 1), there exists Cr > such that n(r) < CrH{u), V n G Hi. As 
u G T-ti is nonincreasing with respect to the radius, there holds that "Hi is continuously embedded 
in LP{B) for any p > 1. Taking any bounded sequence {uk} C Hi, up to a subsequence we may 
assume that Uk converges to u weakly in H and a.e. in B. Finally we conclude by the following 
Lemma. ■ 



Lemma 2. Let fl C be of finite measure. If a sequence of measurable functions converges 
a.e. in VL to w, and there exists q> 1 such that {wk\ is bounded in L^(0), then Wk converges 
to w in L^(r2). 
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Remark 1. Using the symmetrization argument, we can see that % is embedded continuously 
in L^{B) for any p G [1, oo). 

From dS]) we have 

Hb^M ^ vHtl^.t ^.^^^^^ ^ V n e S, r = tanh (-),t>0. 



27r - 2 V / - ' 

Hence Hb^{u) < H{u) for any u G S and r € (0,1). Pay attention that Hb^{u) < H[u) is in 
general not true. Since sinh(t) = j^^, the above imphes 

Lemma 3. For any u € T-Li 

(10) u\r) <^^Hbc{u), Vr€(0,l]. 

Another crucial point in our approach is to handle the Hardy operator 



(1 - |x|2)2 

The problem is not trivial because we cannot apply directly the classical theory to T-L due to the 
potential which is singular on the boundary. Our idea is to separate the study into two parts, 
use the classical theory near the origin, then the LP' theory in % for the exterior part. 

Proposition 1. For any f e L^{B) n L^iBl), there exists a unique 

8 

ven + W^'^{Bi) with p G (1, 2) 

such that 

(11) /:^(^) = ___!__ = / ^nV'{B). 

Moreover, we can decompose v = vi + V2 where vi £ Ti, V2 £ <^p<2Wq'^{Bi) and 
\\vi\\ + \\Vv2\\p < Cp\\f\\i + C\\f\\LHBi) Vp G (1,2). 

Remark 2. Of course, the decomposition (^1,^2) is not unique, however the solution v is 
uniquely determined. There exist some interesting works for Lp theory with more general singular 
potentials, see for example [12] . 



Proof. To simplify notations, define = B'i , = Bi and 



a{x) 



2 

1 



(1 - |x|2)2- 

For the uniqueness oi v, we need only to consider the case / = 0. Let v = vi + V2 satisfy 
Ch{v) = in V'{B) with vi G ^2 G Wl'^{Q.2) and p > 1. We have 

(7;i,<^)^<C||v9|| <C||V<^||i2(^^), V<^GCo-(02). 

By equation, it implies that —Av2 — a{x)v2 G H^^{Q.2), the dual space of Hq{Q,2). Given any 
u G Hq{VL2), let w{x) = ti(|) G Hq{B). Using the monotonicity of a, we have 

< H{w) < / \Vu\'^dx - / a{x)w'^dx < / \Vu\'^dx - A a{x)u^dx, 
JQ.2 Jb jq.2 Jq.2 

and hence H^^{u) > |||Vn||2 for all u G HQ{ft2)- Therefore the operator Ch is coercive in 
Hq(^12) and the classical regularity theory implies that V2 belongs to Hq{Q2) C Hq{B) C H. 
Finally v = vi + V2 £ Ti verifies {v, 99)^ = for any 99 G C^{B). By density argument, v = 0, 
namely there is at most one solution. 
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For the existence of solutions to (llip with / € L^{B) n L^(r2i), consider first 

J~'h{'w) = / in $72, w = on dQ.2- 

From the standard elhptic theory, there exists a unique solution w G np<2W(}'^(r22) and || Vt(;||p < 
Cp II /111- Choose ^' G S a cut-off function such that ^(r) = 1 for t <^ and ^!{r) = Q for r > |. 
It is easy to check that 

Ch{{1 - '^)w) = (1 - )/ + 2Vu;V* + 'wA^' =: /i in P'(02) 

with /i G LP(02), Vp G (1,2). Thus we get (1 - G W'^^'p{Q2), Vp G (1,2). In particular, 

applying the Sobolev embedding, w extended by lies in W^'''{B'i) for all (7 > 1. 

4 

Define now ^'i(x) = ^(2x) and h = {I - ^i)f + 2VwV'^i + wA^i. There holds h G L^iB), 
hence ||^¥?||i < H^lb ll'/'lb < C'||/i||2 Hv^H using ([2|) or Remark [TJ By the Riesz Theorem, there 
exists unique vi gT-L such that 

{vi,(p)^ = I hipdx, Vc^G'H. 
Jb 

Clearly 

ll^ill < C\\h\\2 < C||/||i2(o,) + Cp||(l - ^)w\\w2,r>in,) < CpWfWi + C||/||i2(oo- 
Finally, let V2 = w^i, we check readily that v = vi + V2 is the desired solution. ■ 

Using this result, we define a Green's function associated to the operator Ch- 

Proposition 2. There exists a unique function Gq £ Ti + Wq'^{Bi) with p G [1,2) such that 

(12) Ch{Go) = 6o inV'{B) 

where 5q stands for the Dirac distribution at 0. Moreover, Gq is a radial function and there is 
a constant Cq G M such that for any a G (0, 1), 

(13) Go(r) = -^^ + CG + 0(ri+") as r ^ 0, 

Proof. With a similar idea as above, let 

1 In r 'I'' In r 

G2{r) = --^{r)Hr\ F{r) = -—- —AM/. 

zvr 27r(l — r^j^ vrr ztt 

Here M* is the same cut-off function as in the previous proof. It is clear that F G L?'{B). Denote 
Gi the unique solution in T-L such that 



{Gi,if)y^= / F(fdx, \fif£Ti. 
Jb 



Clearly, Gq = G2 + Gi satisfies equation p2|) . The uniqueness of Go is ensured by Proposition 
[H which implies then Gq is radial. For the expansion, since F belongs to L^{B) for any p > 1, 
the standard elhptic theory yields that Gi G Wf;^{B) C Cl;^{B) for any a G (0, 1). ■ 

Remark 3. As (1 - M-)^ G H^iB), we have Go(r) = -^^ + G{r) in B, with G eTi. 

3. A WEAKER HARDY-MOSER-TrUDINGER INEQUALITY 

In this section we prove a weaker form of the Hardy-Moser-Trudinger inequality, or its sub- 
critical version, which will be used in our proof of Theorem [TJ 

Theorem 3. For any constant e G (0, 47r), it holds 

(14) sup / e(^"-")"'(ix < 00. 

u&Hi,\\u\\<i Jb 

and the supremum is achieved by some G Hi. 
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Define 



Au{r) = 

T^r^ Je 

We estimate Au{r) for general u gHi. 
Lemma 4. Let u G Tii and r E (0, 1), we have 



dx. 



(1 - 



2 



T,\--r'\Au{r)<H{u) + 



2 I -^y^-^-J ' l-r2 
Proof. By an elementary inequality 



{u-hf + b^>—, Vn,6G 



we deduce, for any r G (0, 1), 



I f iu-bf ^ If V? , 1 , 

;dx > — / ; — TKZKdx K -, : — TKr^dx 



Jb^ (1 - \x\^y - 2r2 J^^ (1 - |x|2)2 J^^ (1 - |x|2)2 



2 l-r2- 

Applying the above to w^x) = u{rx) — u{r) € Hq(B) and b = u{r), we get 



(l-|x|2)2 - r2(l - |x|2)2 - 2 ^ l-r2' 
It follows that, together with the Hardy inequality, 

w'^ r /" ,„ ,9 , vr , , , -KuirY 



< H{w) = I \Vu\^dx - [ j-^^^ri9^dx < [ \Vu\^dx - ^Au{r) + ^ 
JBr Jb (1 - Fr)^ Jsr 2 1 



2 1 — 

which is just the conclusion. ■ 
Proof of Theorem\^ Let u € S with -fr(u) < 1 satisfy 

g(4^-eV^3.> sup f e^^^-'^""^ dx - I. 
B w£Hi,\\u\\<iJb 

Assume now u(0) > 1, otherwise He^'*'^"'^-*"^ ||i < ire^^'^"'^'^ and ()14p holds true. Define 

n = inf{r > I u{r) < 1} > 0. 

Since u(ri) = 1, we have a upper bound of ri, ri < by (llOp . Prom Lemma [4] and the fact 
u(r) > 1 for r < ri, there exists C > independent of n such that Au{r) < Cu[r)'^, V r S (0, ri]. 
Using again the estimate (jlOp . we have, for any r < ri. 



(15) 



>/ Br 



<l-HBc{u) + ^rHBf.iu). 



2 

Therefore, there exists r2 G (0, ri] small enough, independent of n, such that 

l|Vu|Ii2(R ) < L 
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Thanks to the Moser-Trudinger inequahty ([I]), 

^ B 

In thefollowing, we denote /+ = max{/, 0}. Moreover, by Lemma [3] and H{u) < 1, it holds 
uif2) ^ C for some constant C > independent of u. Hence we have that for any r < r2, 

(47r — £)u{r)'^ < 47r [ti(r) — u(r2)]^ + 87ru(r)n(r2) — eti(r)^ < 47r[u(r) — n(r2)]^ + C^. 
Here depends only on e. This yields 

JB JBr^ JB^^ 



' Br 

< e^'^CMT + T^e^"'^ < oo. 

The proof of inequality (fH|) is completed. 

Now we show the achievement of the supremum. Fix e > 0, consider a maximizing sequence 
Uj € Til for (|14|) with < 1. Recall that || • || is the norm in "H. Up to a subsequence, we can 
assume that Uj converges weakly in to & Tii, so \\us\\ < 1. By Lemma [TJ we can assume 
also that Uj converges to a.e. in B. 

Using (jl4|) with |, we see that e^^'^"^-'"^ is bounded in L'^{B) for some q > 1. Lemma [2] implies 
then e"'^^"^^^^ converges in L^{B), that is, 

Jb JB 

and hence the supermum of (jl4p is attained by u^. Clearly we must have \\ue\\ = 1- ■ 

4. Blow-up analysis 

For any e G (0,47r), let realize the maximum obtained by Theorem [31 In this section we 
consider the convergence of the sequence {u^} when e goes to zero, or more precisely, we try to 
understand the behavior of {ue} if ||^te||oo explodes. 

Suppose that |j 

^elloo — ^e(O) does not go to infinity as £ tends to 0, then there exists £j — y 

such that II 

||oo ^ C . It is easy to see that in this case, up to a subsequence u^^ converges 
weakly to uq gHi inH and a.e. in B, so ||tio|| < 1 and uq G L°°{B). Let w gV., \\w\\ < 1, 

f g{4^-£,)«;2^^ ^ r g{4^-^.)4^^^ for any j G N. 
Jb jb 
Applying respectively monotone and dominated convergence, it holds 

e4™'dx= lim [ e^^^-'^^""^ dx < lim / e^^^"^^Kdx= f e^^'^'^^dx < oo. 
B i^°°JB j^°°JB Jb 

In other words, uq realizes the finite maximum of the Hardy- Moser-Trudinger functional, there- 
fore both Theorem [2] and [J are proved in this case. 

In the following, we will suppose the contrary, i.e. lim£_j.o H^ieljoo = oo and perform a blow-up 
analysis as in [SJ [5T]. Since G is a maximizer, there exists > such that 

(16) CH{ue) = -Au, - ^7 = X,u,e(^^-'>' in V'{B). 

(1 — Ixpj^ 

Using Lemma [Hand (fT^ . Au^ G Lf^J^B) for some q G (1,2), we get Ue G Wj^'^(i?) using the 
standard regularity theory. By the Sobolev embedding in dimension two, Ug, is continuous in i?, 
and hence G C{B). Here the continuity up to dB follows from Us G Hi. 
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Indeed, Ue is the so called "H— solution of (fT6|) over B, in the spirit of Davila and Dupaigne 
Using as a test function, we have 



(17) A, / n^e(^"-")"'dx= ||u,f = 1. 



B 

Remark 4. Notice that Us does not belong to Hq{B). This is due to Theorem III in [8J, because 
S C{B) and 

"^^^ " Ad{x,dB)^ " (l-r2)2 " 4(1 -r)2 = 1^7 ^ 4(1 + r)2 = ^ ('^(^.^^) ') • 
Suppose that Theorem [1] does not hold true, then 

(18) lim / e(^^-^)"'dx = C30 = lim lluJIoo. 

Since \\us\\ = 1, there exist weakly convergent subsequences in T-L. Note that from now on, 
for simplicity, we do not distinguish always between convergence and subconvergence. Assume 
Ue — )• liQ € V-i weakly in H. 

Lemma 5. We have uq = 0. 

Proof. Suppose the contrary, then there is ro G (0, ^) such that uo(ro) > 0. 

By Lemmadl Ug tends to uq in Cioc{B\{0}) (since the embedding of C^'^ into is compact), 
hence Us{ro) > 5 > for e small enough. Using Lemmadl when e is small enough, Au^{r) < 
Cu£{r)'^ for any r < tq, because Us{r) > 'Ue(ro) > 5 and H{uir) = 1. Hence 

r 27rr 

/ \Vue\^dx = l- HB4ue)+TTr'^AuSr) <l- ^Ue{rf + Cr'^Ue{rf, y r < ro- 

J Br 1 - ^ 

There exists then ri S (0, ro) and r] > such that for e small, ||Vu£||/,2(5^ ) < 1 — ^ < 1- By the 
Moser-Trudinger inequality ([1]), 

eT^("=^^^) dx < Cmt, where be = lie(ri). 

Bri 

Similarly as in the proof for (jl4p . using lime_).o b^ = uo(ri) < oo, we can conclude that ||e^™= 111 ^ 
C < cxD for small enough e, but this contradicts p^ . ■ 

Applying Lemma [5] and Lemma (H u^ € Tii converges uniformly to in B^ for r > 0. Thus 
we will concentrate now our attention on the behavior of near the origin. Define 



(19) Me = Us{0) = maxue and r, 



2 



g(e-47r)M| 

Using ([Ml), 

Jbi Jb 

2 

\\u\\<i Jb 

Consequently (recall that limg^o = oo) 

^{e-47r)M2 
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hence liuie^o r^Mg = and lime_s>o ?"e = 0. Define Vs{x) = U£{r£x) and Ce(x) = Mg [fe(x) — Me] , 
a direct calculation leads to 

(20) -A6 = ^e(^--)(-g-^-^-^) + "''f%2v W -^'(^.-). 

Mg [1 — rj\x\'^Y 

For any ii > 0, -A.^^ = 0(1) in Br for small e, since < Wg < M^. By ^^(0) = 0, the standard 
elliptic estimate implies that converges in C^^^^(M^) to ^. Therefore 

(21) ^,-M, = ^^0, ^^1 and vl - = 2^, + ^ ^ 2^ inCUM?). 

Passing the hmit e — )• in (1201) . the equation verified by ^ G C^(]R^) is 

(22) -Ae = in ^'(M^). 

Combining with the facts ^(0) = 0, ^ is radially symmetric and nonincreasing with respect to r, 
^ is uniquely determined, 

(23) C(x) = --^ln(l + 7rr2), I e^^^dx = l. 

Note that all solutions of ^ with e^''^ G ^^(M^) were classified in [TT] . 

The above analysis is for understanding the behavior of the sequence {u^} near the blow-up 
point 0, more precisely in Br^R for any large, but fixed i? > 0. Let L > 1 and R > large. We 
divide the disc B into three parts: the interior part B^^r, the outer part 

{LUe < Me} ■.= lx£B\ Ue{x) < ^ 



and the neck region 



{Lu, > AfJ \ Br,R := <j X G B\Br^R \ u,{x) > ^ 



To analyze {u^} in the outer part and the neck region, let us denote Us^l = min(ue, -j^). We 
have 

Lemma 6. For any L > 1, limsupg_j,Q //(-Ug^i) < L^^ . 

Proof. Consider Q,L = — u^^l = {ue — + - R > 0. Using Q,L as a test function to 
equation (fTUj) . we have 

2 

B JB 



VCe,Lrdx- I dx = Xs I Ce,LUee'^^-'>''^dx 



(24) 



JB 

>Xe [ Ce,LUee^^^-'^^"dx 



I Br V^^^e + 



L 



Br 



when e — )• 0. Recall that is defined by (fTUj) . the convergence is ensured by (pi]). Moreover, 
one can check easily that 

H{Ue,L) = H{U,) - [ \VCs,L\^dx+ [ -^^^^f^dx, 
JB JB U ~ Ft ) 

which, taking i? — )• oo, together with and (j23|) . completes the proof. ■ 
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Using our subcritical inequality ([H]) to functions , we get 

(25) / e"^ "-^dx < C < oo, for e small enough. 

Jb 

Furthermore, 
Lemma 7. We have 

(26) lim XeM^ = 
and 

(27) limA^Me /" M£e(^^-^)"'dx = 1. 
Proof. Let us estimate firstly He^^'^"^)"^ ||i. Fix L > 2. 

4 := / e(4"-")«'dx< / e(^"-"KLdx^7r, as e ^ 0. 

J{Lue<Me} Jb 

The convergence follows from the facts that u^^l — )■ a.e. in B, the estimate (j25p and Lemma 
[2j Using once again the uniform convergence of to zero in for any r G (0, 1), 

I e^^'^-^^^'dx > /" e^^'^-'^^'dx ^7r(l -r^), as e ^ 0. 

J{LUs<Me} JB^ 

Taking r — )• 0, we can claim that lim^-^o le = ^- On the other hand, 

Je := / e(4--)«^(ix < / Xsnle^'^-^>'^dx 

L2 



Finally, 

(28) oo = lim [ e(^^-^)"'dx = lim (4 + J^) < vr + lim sup 



which implies limiufg-i^o = 0. This argument is in fast valid for any subsequence. Hence 

we have (f26]l . 

To prove (I27p . we estimate the integral over three parts separately. First 

XeMe [ Uee^^^'-'^'^'dx < X^W^Ie ^0, aS £ ^ 0. 



Moreover, for any i? > 0, 
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and also 

J{Lu^>M,}\Br^R J {Lu^>M^}\Br, 



R 



= L-L I A^u2e(^^^=)"'dx 

The proof of (f27|) is completed by tending i? to oo. ■ 
Let = M^Ug, so satisfies the equation 

(29) Cnige) = Ae5ee(^"-^)"' in V'{B). 

(j27|) and its proof shows that Ae^ee^^'^"^-*"^ converges to the Dirac operator 5q in ^'{B), this 
suggests then should tend to the corresponding Green's function Go, which is confirmed as 
follows. 

Proposition 3. The family converges to Gq in Wl^^{B) weakly if p ^ (1)2), strongly in 
L'^{B) for all q > 1 and also in C{B!f), V r G (0, 1). Here Gq is defined by Proposition\^ 

Proof. Using Proposition [1] on (p9|) . as gs £ H, there exist ke and such that g^ = hs + with 
he eTi, ke £ np<2VFo'^(i?i ) satisfying for any p G (1, 2), 

\\he\\ + \\Vk,\\p < Cp||A,5.e(^"-^)"'||i + C||A,g,e(4--^)"'||i2(f,,) where Oi = i?^ 

8 

As -u^e^^'^-^)"" tends to zero uniformly in 17 1, so \\hs\\ + ||VA;ej|p are uniformly bounded for e 
small, thus we get (up to subsequence) that h^ converges weakly to ho in T-L and k^ converges 
weakly to ko in Wq'^{B^) for p e (1, 2). 

Let go = ho + ko £n + W^'^iBi), as A^^^e^^'^-")"" ^ 5o, we have Cnigo) = 6o in V'{B). 
Applying Proposition [21 go = Go and we obtain all the claimed convergence of ge to Gq. The 
convergence holds for the whole family g^ since the analysis is valid for any subsequence. ■ 

5. Proof of Theorem [T] 

Proof of TheoremU^ Suppose that Theorem [T] does not hold. Let p G (0,1) be small, which 
will be determined later. Thanks to Proposition [3l From the previous section, recalling that 
a(x) = (1 — Ixp)"^, we have 

(30) limMsUeip) = Goip), lim / a{x)M^uldx = a{x)Gldx =: Ji{p). 

e->0 J Bp J Bp 

By equation ([29|) . 

Jb^p JdBp 

Clearly as e — > 0, the first term goes to 0. By (j27|) and (pOj) . 

-f ^g^da = -g,{p) [ Ag,dx = ge{p)( [ a{x)gedx + K [ ^^e^^^-'^^'dx ) 

JdBp C)^ J Bp yBp JBp J 

Go{p) (^J^ a{x)Godx + =: J2{p), 
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Finally we have 

(31) / \VUe\^dx = l-HB'=^{Ue)+ I a{x)uldx = I - ^[jiip) - Jl{p) + Oe{l) 

J Bp J Bp £ 

where lime^oOe(l) = 0, for any fixed p > 0. 

Furthermore, using the expansion of Gq, direct calculations show that 

J2KP) ~ — :r~ Ji[p) ~ as p 0. 

ZTT 47r 
So there is p > small enough such that J2(p) — Jiip) > 0. Fix such a p, the equality ([31 
implies that 

/ |Viiepdx < 1 for e small enough. 

JBp 

Applying the classical Moser-Trudinger inequality ([T|) to [ue — Ue{p)]+ G Hq{B), we get 



I Bp Jb 

On the other hand, we have 

ulir) = [ue{r) - Ue{p)f + 2us{r)u,ip) - ^^(r) < ^(r) - Ueip)f + 2M,n,(p). 
Therefore, when e tends to 0, 

[ e^""'dx= [ e^""'dx+ [ e^""'drc< [ e47rK-«,(p)]2+87rM,«,(p)^^ ^ ^g4™,(p)' 

Jb JBp Jb'^ JBp 

This contradicts obviously the hypothesis (jlSp , and hence the Hardy-Moser-Trudinger inequality 
must hold true. ■ 



6. Proof of Theorem [2] 

Proof of Thereom Let be the maximizer given by Theorem [3j We will proceed still by a 
contradiction argument and borrow some ideas from |10l [2l [2T]. Using the discussion at the end 
of Section 3, suppose that Theorem [2] was not valid, then lim£__i.o |Ke||oo = oo. 

Define 

Te= [ e^^^-'^^'dx = max [ e^^^-^^^'dx, VeG(0,47r). 
Jb u€n,\\u\\<^ J b 

Clearly, Tg is increasing and 

limr£= sup / e^^"'dx:=To. 

ueH,\\u\\<l J B 

By Theorem [H Tq < oo. Readily Tq > vr. 

All arguments and properties obtained for Ug in the previous section are true, except two 
points. One is the proof of the fact that the weak limit uq is and another is the property (|26p . 

For the former point one can argue as follows. Fixing p G (0, 1), we see that for any L > 1, 
Ue,L = Ue in for e small enough, because Us is uniformly bounded in by Lemma [1] and 
lim£_>.o Me = oo. It follows, together with Lemma [H 

C 

limsup |[ne||2,oo(Bc) = limsup \\us^l\\l°°(B'^) < C p lim sup H^Us^l) < -r- 
Tend L to oo, we have uq = in Bp. Since p > is arbitrary, thus uq = 0. 
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The latter is no longer true. In fact, now we have 
Lemma 8. linie^o A^MI = (To - vr)"^ 
Proof. By the same argument as in the proof of ([28|) . we get 

To = lini Te < TT + hm sup T—rF2' 



VL > 2, 



which implies that limsup£_j.o AeM| < oo since Tq > vr. Hence lime_>.o AeM^ = 0. Let Pi = ^ > 
1 (as L > 2). The estimate (p5]) and ||ne||g — )■ for any (7 > 1 imply that as e ^ 0, 



'{Lue<Me} 

The same argument shows that 



2 „ „ ^ 11 

„, kie m — > where 1 = 1. 

Pi Ql 



XeMe [ Mee(^^-^)"'dx ^0, as e ^ 

and ([27|) holds true, so Proposition [3] remains true. Let flp^r = Bp\Br with < r < p < 1, as 
Ch{Go) = in Qp^r C M?, the Pohozaev identity shows that (recall that a{x) = (1 — Ixp)"^) 



div [a(x)5 



G'o{x)dx-TT s'G'o\s) + ais)s'G'ois) 



Using the expansion (I13p and tending r ^ 0, we have 

divra(x)xl o,, ..oo,^ 1 , . 

\ ^ Gl{x)dx - TTp^G'iip) - 7ra{p)p^Gl{p) = - — , V p € (0, 1) 



Bo 



Similarly, applying the Pohozaev identity to Cuiue) = A^ Bp and multiplying by 

M|, we obtain that for any p G (0, 1), 

divra(x)3;] ^ 2 i2t \ \ 2 2/ \ 
ge{x)dx - np (p) - ■Ka[p)p g,{p) 



Bo 



TVp 



j(47r-e)uE(p)2 

4tt - e 



Bo 



-dx 



Finally, as g,, converges to Gq in Cl^^(B \ {0}) and Lp'{B) by standard elliptic theory and 
Proposition O we obtain, for any p € (0, 1) (as limsup^^^o AeAf| < 00), 



irp 



Bo 



— ;> 1, as £ — ;> 0. 



Taking p — > 1 and using the uniform convergence of Ug to in for r > 0, we are done. ■ 

To get a contradiction, we proceed as in |10tl21|. We first claim a Carleson-Chang type result. 

Lemma 9. /f lim^—^o 1 1 "^e 1 1 00 — 00, then To < 7r(l + e^+^'^'^e) ^jhere Go is given by ([T3]). 

Proof. Fix L > 2 and let i? > 0. Using (j25p and Lemma [2l we have the estimate for the exterior 
region as follows. 

f g(4^-£)n2^^< f g{4--eKi^^^^^ aS£^0. 

J{Lue<Me} Jb 
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On the neck region, there holds 



J{Lu,>M,}\B,^R A^Ml J{Lu,>M,}\Br,R 



^ f \ 2 (47r-e)u2 , 



KM} ' ^ ' "^''^ 



For the integral over the interior region B^^r, fix a small constant /9 € (0, 1). By pip , we know 
that 



Bo 



\VUe\ dx = l ^2 



e 



where lim£_s.o 0£(1) = and 

(32) Ep := J2{p) - Ji{p) = Go{p) + Go{p) [ a{x)Godx - f a{x)Gldx. 

J Bp J Bp 

Let isix) = llVuell^a^^ )[ueix) - Ue{p)]_^. Clearly, 4 G H^{Bp), ||V4||2 = 1 and 4 converges 
weakly to in V'{Bp). Using a result of Carleson-Chang |10j, there holds 

(33) limsup / fe^^^' - l) dx < nep"^. 

e^O J Bp ^ ' 

Moreover, M~^4 ~^ 1 uniformly in B^^r since M^^n^ — ?> 1 uniformly in Br by (|2ip . Therefore 



u 



2(x)= [4(x) + n,(p)]'||V^/,||i2(B^) 



= [4(x) + M,-iGo(/9) + o,(M,-i)]' X [l-M-% + o,(M-2)] 
= 42(x) + 24(x)Af-iGo(p) - ^^(x)M-2Ep + o,(l) 

= 42(x)+2Go(/9)-i?p + 0,(l), 

where Oe(l) tends to uniformly in B^^r. It implies that, together with ()33p . 
limsup/ e(^^-")"'dx < limsup /" (e^^"' - l) dx 

< e8-Go(p)-4-i?p lijn sup / (e^"^' - l) dx 

< e8^Go(p)-4^£p limsup / fe^^^' - l) dx 

£^0 J Bp ^ ' 

< 7rp2el+8'^'^o(p)-47r£;p^ 

Combining the three parts of estimation and let i? go to oo, we conclude 

To = lim / e(^^-=)"'dx < vr + ^p2gi+8^Go(p)-4^i?p^ f^^. ^^^^^ 
^^^Jb 
Using the expansion p^ . 

1 

2^ 

Hence it follows Tq < 7r(l + e^+^''^°] 



In p + 2Gq{p) - Ep ^ Gg, as p ^ 0. 
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We complete the proof of Theorem [2] with the fohowing lower bound estimate, which contra- 
dicts Lemma El 

Lemma 10. There holds Tq > 7r(l + e^+^'^^c). 

Proof. The proof is a direct verification by choosing suitable test functions as in [10]. Thanks 
to the blow-up analysis, we will consider a family such that fs looks like M~^Go outside a 
very small region of and M-'^S,{r-^x) + near the origin where ^ is given by (j23p . For e > 
small, define 



Mr) 



^ , . with = — Ine. 

iieR,<r<l 



Here and 7^ are constants to be chosen later. First, choose such that 

GoieRe) _ . £{Re) + 7e 
Pe + 



^ ' 

which makes functions continuous. Using the expansion of Gq, as e ^ 0, we have 

47r {Pi + 7^) = -2 \n{eRe) + 4ttCg + ln(l + ttR^) + (eRe) 
^^^^ = -2lne + 4TTCG + lmT + 0{R-^) . 

Clearly, €T-L. Now we estimate WfeW- Let < r < p < 1, hy the equation of Go, 

Hb,\bAGo) = / Go— ^da = -27rrGo(r)G^(r) + 2^pGo(p)G^(p) < -27rrGo(r)G[,(r) 

Jd{Bp\Br) 

since Go is decreasing by the comparison principle. Taking p — t- 1, we get 

Hb'' (Go) 27rr/? 
HB^^^Sfe) = < --^G,{eR,)G',{eR,) 

27reR, 



Pi 



He 

1 



1 


dGo 




dv 




f 







da 



4txP\ 



2 [ - 2 \ii{eRe) + 4^Cg + o {eRe) ] . 



e 



On the other hand, we have 



/ \Vfe?dx = ^ / \Vi{e-^x)\^dx = ^ / \Vi\^dx 

Jb,r^ Pe Jb,r^ Pe J Br 



1 



AttPI 



ln(l -HTTi?^) - 1 ^ 



l + 7ri?2 



and hence 



(35) H{f,) < Hbc if,) + / \VM^dx < [-21ne + AtiCg - 1 + In^ + O {Rf)] 

We choose /?£ > such that H{fir) = 1, the estimate ([35]) leads to (recall that Re = — Ine) 

AttPI < -2lne + 4ttCg - 1 + lmT + O {Rs'^) =0(|lne|), as e ^ 0. 
From ([34p . it follows 

(36) 47r7e > 1 O , Pe = o(\lne\^) as e ^ 0. 
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Now we estimate He^'^-^E ||^. Using e* > 1 + 1 in M and (|36p . we have 
/ e^-^'dx > TT - 7r(£i?,)2 + ^ / Gldx = T^ + ^ f Gldx + o{eRe) 

J Bin, JbI^.^ 

[ Gldx + Oe{l) 
JB 
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7T + 



Moreover, in B^fi^, by (j34|) and (|36p we have 



Anf^ir) = 47r /3, + 



> A-KI51 + 87r7e + 87r^(e"V) 

= 47r(/32 + + 4^7^ + Mi{e-^r) 

> -2 Ine + 47rCG + In vr + 1 + 87r^(e" V) + O (i?^^) 



The estimate is uniform in B^ji^. Consequently 



Tie 



iiTCG+l+0[Rl 



Be 



where (p3]) was used in the last equality. Finally as R^'^Pl = Oe(l), it holds 



B 



[ Gldx + o,(l)l + ^e^^^e+i [1 + {R^')] 
Jb J 



47r 



/ G2a!x + o,(l) 
7b 



By choosing a small e > 0, we conclude readily Tq > ||e^'^-^= ||i > vr + ire^'^'-"^'^^ Hence we finish 
the proof of Lemma \T0\ and hence the proof of Theorem [2j ■ 



Remark 5. Like u^, the maximizer uq € Hi given by Theorem{^ cannot belong to Hq{B). 
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